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Abstract

In this paper the optimal population size N� is empirically computed
for the ONEMAX function and truncation selection� N� depends on the
size of the problem n� the probability p� of the advantageous allele in the
initial population and the selection intensity I � The dependency of N� on
I is very complex� By numerically �tting the data the following formula
could be obtained� N� � �� f	I
 � pn � ln n � 	��pp� � �
� Furthermore it
is shown that the minimal number of function evaluations FE� needed to
�nd the optimum is fairly constant in the range ��� � I � ����

� Introduction

In �MSV��� the breeder genetic algorithm was introduced� For a simpli�ed model
a predictive theory could be developed ��MSV�	�
� This model assumes additive
gene e�ects and uniform crossover� The most simple example of additive gene
e�ects is the �tness function ONEMAX of size n� ONEMAX gives just the
number of �
s in the string� The model needs �ve parameters to describe the
initial state of the population and the selection process� These are the population
size N � the initial frequency of the desirable allele p�� the number of loci n� the
mutation rate m and the intensity of selection I� In this paper we will assume
that the mutation rate is � and the crossover rate ��

For the above model the expected number of generations GENe until conver�
gence has been computed ��MSV�	�
� GENe is independent of the population
size if N � N�� where N� � N��p�� n� I
 is the minimal population size needed in
order to converge to the optimum with a high probability� We conjectured that
N� has the following form

N� � p
n � ln�n
 � f��p�
 � f��I
 ��
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From GENe the number of function evaluations FE till convergence can be
easily computed by FE � N �GENe� The selection intensity I can be chosen by
the user� all other parameters are �xed� Therefore the minimum number is given
by

FE� � min
I
fN� �GENeg

In this paper we will try to con�rm the conjecture concerning N�� We will
mainly use simulations� All tests are averages over ��� runs� We used elitist
truncation selection� The success ratio of converging to the optimum was set to
���� A di�erent� more qualitative approach for the sizing of the population has
been proposed by Goldberg ��Gol���
�

The outline of the paper is as follows� First we investigate how N� depends
on p�� then the dependency on n and I is investigated� In section � the �nal
expression is obtained� Some comparisons to proportional selection and other
�tness functions are made� In section � we show that the minimum number of
function evaluations is achieved in the area ��� � I � ��	�

� Dependency of N � on p�

The �rst tests were made for n � f��� ��� �	� ���g� for truncation selection param�
eter T � ���� and for p� � f k

n
j � � k � ng� Some of the results are presented in

table �� The results were obtained in the following way� for each population size
the test was run ��� times� If the population did not converge to the optimum
at least �� times� the population size was increased and the test repeated�

n p� ��� ��� ��� ��	 ��� ��� ��� ��� ���

�� N� ��� �� �� 		 �� �� �	 � �
�� N� ��	 ��� �� �	 	� �� �	 �� �
�	 N� ��� ��� �		 ��	 �� �� 	� �� ��

��� N� ��� 		� �	� ��� ��� �� �� 	� ��

Table �� Dependency of N� on p� for di�erent n

The above table suggest a �t of the form N� � a� b�
p
p�� Using least mean

square �t the results of table � have been obtained�
The �rst and the second parameter are �in absolute value
 not very distinct�

In order to eliminate one parameter� the following function has been chosen as a
model�

N� � fn�p�
 � � � an � � �p
p�
� �
 ��


�



n a b

�� ������ ����	
�� �������� ��	���

n a b

�	 ������	� �������
��� �������� �������

Table �� Table of parameters a and b for di�erent n

Figure � compares the population size N� predicted by the above formula
with data obtained by simulations� The �t is fairly good�
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Figure �� Dependency of N� on p� for n � ��� ��� �	� ���

� Dependency of N � on n

The next step is to �nd a functional relation between n and the constant an in
equation ��
� Postulating an � C � pn � lnn we get C � ����� that is

an � ���� � pn � lnn ��


This leads to the expression

N� � � � ���� � pn � lnn � � �p
p�
� �
 T � ��� �	


Plotting the results together with function ��
 we get �gure �� The �t is fairly
good�
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Figure �� Parameter an for di�erent n and function that interpolates it

� Dependency of N � on the selection intensity

This investigation is the most di�cult part� We have already mentioned in
�MSV�	� that N� increases for small I and for large I� Let us �rst recall the
relation between the truncation threshold T and the selection intensity I� If the
phenotypes are normally distributed then ��Bul���
�

I �
�

T
p
��

e�t
�

�
��

where t� is de�ned so that�

T �

��
�

�
�
� �p

�

R t�
� e�t

�

dt� if T � �
�
�

�
� �

�p
�

R t�
� e�t

�

dt� if T � �
� �

The selection intensity can be used to estimate the selection di�erential S� which
is the di�erence between the average of the selected parents and the average
of the population �MSV���� We computed I numerically for di�erent T � Some
numerical values are given in table �� Note that the above formula is valid for
an in�nite population size� but the values for smaller population sizes di�er not
very much�

T ���� ���� ��� ��� ��� ��	 ��� ��� ��� ���
I ����� ����� ����� ��	 ����� ����� ����� ���		 ��	�� �����

Table �� Table of values for I for di�erent T

If we substitute CI for ���� in equation �	
 we get

	



CI �
N� � �p

n � lnn � � �p
p�
� �


��


Extensive tests were performed for estimating CI for di�erent I as well as for
di�erent n and p�� However� the problem seems to be very hard� The functional
dependency can be divided into 	 regions as presented in �gure ��a
 on page ��
The �rst region is de�ned by small selection intensities I � ����� ���� where it is
very di�cult to determine N�� The second area is given by I � ����� ���� and the
third area by I � ����� ����� In the forth region N� and CI increase very fast�
For the strongest selection possible� N� can be calculated by probability theory�
If only the best individual is selected� then we have immediate convergence�
Therefore the optimum has to be contained in the initial population� Let a
be the probability that the optimum is contained in the initial population� Then

N� �
ln �� � a


ln ��� pn� 

�

For instance� for p� � ���� a � ���� and n � �� we have that C� � ���� � ����
Very strong selection reduces the number of generations� but the optimal pop�
ulation size increases dramatically� Therefore strong selection gives no e�cient
genetic algorithm� We will show in the next section that the third region �i�e�
I � ����� ����
 will contain the selection intensity giving the minimum number of
function evaluations for obtaining the optimum�
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Figure �� �a
 Dependency of �constant
 CI on selection intensity I for n � �� and
for p� � ����� �b
 Graph of results of dependency of CI on I in interval ����� ����
for di�erent n and for p� � ���
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n I ����� ����� ����� ��	�� ���	�

�� CI ����� ����� ���	� ����	 ������
�� CI ����� ����� ��	�� ����� ������
�	 CI ����� ����� ����� ��	�� �����

��� CI 	���� ��	�� ���	� ����� ��	��

Table 	� Dependency of CI on I in interval ����� ���� for di�erent n and for p� � ���

The region �I � ����� ����
 is more closely investigated in �gure ��b
 and table
	�

We next try to approximate the data of region � with a function of the type
CI � a � bI � cI� for some constants a� b and c� For n � �	 and n � ���� we
present the results graphically in �gure 	�
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Figure 	� Results of approximation for n � �	 �a
 and for n � ��� �b
 where
g��I
 � ������ � ������I � �����I� and g��I
 � ��	�� � �����I � �����I�

The above constants depend on the size of the problem n� But this is vio�
lating our assumption� Therefore we try to �nd an expression for f�I
 which is
independent of n� The result is the function f�I
 � ����� � �����I � ���I�� A
comparison between the function values and empirical data is shown in �gure ��
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� The �nal expression

Combining the results obtained so far we get the following expression for N��

N� � � � ������ � �����I � ����I�

p
n � lnn � � �p

p�
� �
 ��� � I � ��	 ��


In order to see how well our function predicts the optimal population size N��
we ran some tests for random problem instances� The results of the tests are
presented in table ��a
� The predicted N� is calculated using formula ��
�

Two predictions are very good� The third prediction has an error of ����
The reason for this is the high value of p�� In this case many more runs have to
be made� because the population is converging very fast�

All the above results depend on truncation selection and the ONEMAX func�
tion� We also made some tests with proportionate selection and other additive
�tness functions� The results for proportional selection are presented in table ��b

together with results for truncation selection with I � ���� �i�e� with T � ����
�
All test were made with p� � ��� and with uniform crossover with probability
pc � �� Note that the optimal popsize for proportional selection is almost twice
that of truncation selection�

Next we investigate an additive �tness function with non�uniform gene contri�
butions� This function plays an important role for �oating point representations�

F��x�� � � � � xn
 �
nX

i��

xi�
�i� xi � f�� �g�

�



n p� I N�
predicted N�

obtained

��� ���� ���� 	� ��
��� ��� ��	 �� ��
��� ���� ��� ��� ���

n N�
prop N�

trunc

�� �� ��
�� �� 	�
�	 �		 ��

�a� �b�

Table �� �a
 Results of tests with di�erent parameters� �b
 Comparison of results
for N�

prop obtained with proportional selection with those for N�
trunc obtained with

truncation selection with I � ����

In the table ��a
 the results are displayed for the BGA with elitist truncation
selection �T � ��� and T � ��	
� no mutation and with uniform crossover with
probability �� The optimal population size is dramatically higher than for the
ONEMAX function� The reason for this behavior is the fact that the selection
process �xes the genes which make a small contribution to the �tness function�

The next function is more moderate� This function has also been used by
Goldberg �Gol����

F��x�� � � � � xn
 �
nX

i��

cixi

where xi � f�� �g and

ci �

�
�� if i � � �mod ��
�
�� otherwise�

In table ��b
 and �c
 the results are given for the BGA with elitist truncation
selection �T � ��	 and T � ���
� no mutation and uniform crossover with proba�
bility �� The optimal population size N� is much less for this function� but still
considerably higher than for ONEMAX�

n �� ��
T � ��� ��� ���
T � ��	 ��� 	�	

n �T � ��	
 �� ��
� � ��� �� ��
� � ��	 �� ��

n �T � ���
 �� ��
� � ��� �� ���
� � ��	 �� ���

�a� �b� �c�

Table �� �a
 N� for the function F�� �b
 N� for the function F� with T � ��	� �c

N� for the function F� with T � ���

The above results con�rm our theoretical analysis in �MSV�	� that recombi�
nation by crossover should not be used alone� but in connection with mutation�

�



� Minimum number of function evaluations

The number of function evaluations FE is given by FE � GENe �N where GENe

is the number of generations until convergence� FE is minimized for the optimal
population size N�� GENe has been computed in �MSV�	�� It is given by

GENe �
�
�

�
� arcsin ��p� � �


�
�
p
n

I
��


GENe is reduced inversely proportional to the selection intensity I� The
question now arises which selection intensity gives the least number of function
evaluations� Using equation � we easily obtain that I � ���� minimizes N� �
GENe� We will con�rm this result by simulations� The results are given in
table �� One observes that a selection intensity of I � ��� is the best� But all
selection intensities in the range between ��� and ��	 �i�e� truncation between ���
and ��	
 give almost the same results�

n I ����� ����� ����� ��	�� ���	�

�� FE� ������ ������ ������ ������ ������
�� FE� ������ �����	 	����� 	����� ������
�	 FE� ������� ������� ������� ������� ������	
��� FE� ������� ������� ���	��� ������� �����	�

Table �� Optimal number of evaluations FE� as a function of selection intensity
I for n � f��� ��� �	� ���g

� Conclusion

In this paper the problem of the minimal population size needed for convergence
to the optimum has been empirically investigated� It could be shown that trun�
cation thresholds in the area from ��� to ��	 will approximate give the minimal
number of function evaluations� if the corresponding minimal population size is
used� This result indicates that the e�ciency of the BGA does not critically
depend on an optimum truncation threshold� We have also shown that propor�
tional selection needs a much larger optimal population size� The above result
is valid for the ONEMAX function� Recombination by uniform crossover seems
to be ine�cient for �tness functions with non�uniform gene contributions� In
�MSV�	� it is shown how an arbitrary �tness function can be decomposed into
an additive and no�additive parts� We have to investigate if this decomposition
enables us to transfer some of the results obtained in this paper to more general
�tness functions�
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