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Abstract� The Breeder Genetic Algorithm �BGA� is based on the equa

tion for the response to selection� In order to use this equation for pre

diction� the variance of the �tness of the population has to be estimated�
For the usual sexual recombination this can be di�cult� In this paper
the new points �o�spring� are generated from distributions� a uniform
distribution and a distribution generated by univariate marginal distri

butions� For a class of unimodal �tness functions the performance of the
BGA is analytically computed� The results are compared to gene recom

bination methods� The uniform distribution is approximately generated
by line recombination� recombination methods acting independently on
each gene approximate the second distribution�

� Introduction

The Breeder Genetic Algorithm �BGA� is based on the classical science of live�
stock breeding� The central part of this theory is the equation for the response
to selection

R�t� � b�t� � I � ��t� �	�

Here R denotes the response
 which is de�ned as the di�erence between the mean
�tness of the population at generation t
	 and t
 b�t� is the realized heritability

I is the selection intensity and � is the standard deviation of the �tness ���� If b�t�
and ��t� can be estimated
 the equation can be used for predicting the mean
�tness of the population after selection� In livestock breeding many methods
have been developed to estimate the heritability ���
 estimating the variance is
still an open question ����

Looking closer to the equation for the response to selection
 we see that the
equation does not use a microscopic genetic model at all� It needs the distribution
of the �tness� In this paper we directly use distributions to generate new points
�o�spring�� This facilitates the performance analysis for the algorithm�We com�
pute the performance of the BGA for two di�erent distributions� Comparisons
are made with popular sexual recombination methods�
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� The uniform distribution BGA

We will use the following class of functions for a performance analysis

fn�k�x� �
nX

i��

xi
k k � 	� �� � � � ���

These functions are to be minimized in

Sn�k � fxj

nX
i��

xki � 	� � � xig�

The unique minimization point is x� � � with f�n�k � �� The conceptual Uniform
Distribution Breeder Genetic Algorithm �UDBGA� is de�ned as follows�

UDBGA

� STEP�� Set t � 	� Generate N � � points randomly in Sn�k�
� STEP�� Select the best 	�� � �� points �� � � � 	
 truncation selection��
� STEP�� Generate N new points uniformly within the convex hull de�ned
by the selected points� Set t � t
 	�

� STEP�� If not terminated
 go to STEP	�

The above algorithm is conceptual
 because the convex hull generated by the
selected points maybe di�cult to determine� For the above class of test functions

it is easy to see that truncation selection generates convex hulls Sn�k���t�
 which
are given by

Sn�k���t� � fxj

nX
i��

xki � dkn���t�� � � xig ���

For the analysis the value of dn���t� is needed� The following lemma gives the
result�

Lemma �� The boundary value of the domain Sn�k���t� is given by

dn���t� � ��t����n ���

Proof� We start with dn���	� � 	� The next values are determined from the
recursion vol�Sn�k���t
	�� � ��vol�Sn�k���t��� Computing the volume of Sn�k���t�
in form of vol�Sn�k���t�� � ��n� k� � dnn���t� gives the result� �

Note that dn���t� is independent of k� We are now able to formulate the main
theorem�

Theorem�� The expected average �tness Et of a population evolving according
to UDBGA is given by

Et�fn�k� �
n

n
 k
dkn���t� ���



The variance Vt is given by

Vt�fn�k� �
n � k�

�n
 k���n
 �k�
d�kn���t� ���

Proof� For the proof n�dimensional integrals have to be computed� We used
the following method
 based on geometric arguments� Let �k � fn�k�x�� With
density

	n���t��� � n � d�nn���t� � �
n���

the expected �tness is obtained from

Et�fn�k� �

Z dn���t�

�

�k	n���t���d��

The variance is computed by the same method� �

In order to use the equation for the response to selection for prediction the
selection intensity I and the coe�cient of variation CV is needed� The selection
intensity for an arbitrary �tness function f is de�ned as

I�f� �
Et�f� �Et�f��

V
�

� �f�
�

where Et�f�� denotes the expected mean of the �tness of the selected points
at generation t� For our conceptual algorithm we obviously have a heritability
of one
 i�e� Et�f�� � Et���f�� The coe�cient of variation is de�ned for f � � as

CV �f� �
V

�

� �f�

E�f�

From theorem 	 follows�

Theorem�� For UDBGA the selection intensity I is independent of t and given
by

In�k�� �
�
	� n

p
�k
�rn�n
 �k�

k�
� ���

The coe�cient of variation CV is independent of � and given by

CVn�k �

s
k�

n�n 
 �k�
� ���

Corollary� In the limit we have

lim
n��

In�k�� � ln
	

�
� � � � 	 ���

Note that for evolution strategies exactly the same limit has been obtained
for the progress coe�cient c��� giving the maximum rate of progress ��	���

Next we show how to use the above results in order to compute the compu�
tational complexity and the convergence rate of the algorithm�



� Computational complexity and convergence

We recall the following de�nition from mathematical optimization theory�
De	nition� An optimization algorithm converges linearly if

jf�xm��� � f�j � cjf�xm� � f�j � � c � 	 �	��

For convenience we assume f� � ��

Theorem�� If the coe�cient of variation CV �f�� the realized heritability b and
the selection intensity I are independent of t� and � � b � I � CV �f� � 	� the
breeder genetic algorithm converges linearly

Et���f� � �	� b � I �CV �f��Et�f� �		�

The proof follows directly from the equation for the response to selection�

Corollary�For the previous class of test functions fn�k and truncation selection
with parameter � UDBGA converges linearly in number of generations t

Et���fn�k� �
n

p
�kEt�fn�k� �	��

For unimodal functions it is obvious that the convergence speed increases
with decreasing �
 i�e severe selection is the best�

In order to evaluate the computational complexity
 we introduce the notion
of 
�computational complexity�

De	nition� The 
�computational complexity is de�ned as the number of steps
t� needed to reduce the initial approximation error by a given fraction 
 � ��

Theorem
� For the class of test functions fn�k and truncation selection with
parameter � UDBGA has a computational complexity of O�n� in number of gen�
erations t�

t��n� k� �� �
n

k

ln 


ln �
�	��

Proof� From Equations ��� and � we obtain

Et���fn�k� �
�

n

p
�k
�
Et�fn�k� �

�
n

p
�k
�t

E��fn�k�

This gives
Et���fn�k�

E��fn�k�
�
�

n

p
�k
�t

� 


Taking the logarithm gives equation 	�� �

The above results are given in number of generations t
 not number of func�
tion evaluations� For the analysis it is assumed that the population is very large

so that the points are uniformly distributed in the statistical sense� In order to
minimize the number of functions evaluations
 the size of the population has
to be as small as possible� This question leads to the di�cult problem of the
minimal population size� For binary genes this problem has been investigated in
����



� Line recombination

The conceptual UDBGA is based on the following principle� Generate initial
points according to a uniform distribution� Do selection� Generate uniformly
distributed new points in the domain implicitly de�ned by the selected points�
The crucial questions for an implementation of this algorithm are� How to gener�
ate points uniformly in a given domain� How to identify the domain to be tested�
It turns out that it is surprisingly easy to generate uniform distributed vectors
in a convex polytope� This new recombination method will be investigated in a
forthcoming paper� Here we will make a comparison to a more classical genetic
algorithm with sexual recombination�

For convex domains
 one of the easiest ways to create new points from two
given points x and y is the linear combination

z � �x
 �	� ��y x� y � Rn �	��

These recombinations schemes are known as line recombination in genetic
algorithms �see for instance ����� For a certain number of generations
 these
recombination methods will generate points which are approximately uniformly
distributed� Usually � is taken to be uniformly distributed in ��� 	�
 or even �xed
at ���� Both methods have severe shortcomings because they reduce the variance�
This will be shown with the following lemma�
Lemma � Let x and y be independent random vectors from the same distribu�
tion with existing variance V �x� � V �y�� Let the stochastic real number � be
independent from x and y and arbitrarily distributed with expectation E��� � ��
and variance V ��� � v�� then

V ��x
 �	� ��y� � �	� ���
 ���� 
 �v�� � V �x� �	��

The proof has to be omitted� We use the above lemma to compute the variance
of the �tness of line recombination methods� The lemma can be only applied for
the linear function fn���x�
 for k � 	 higher moments have to be computed�

Theorem�� For fn���x� �
Pn

i�� xi and z � �x
 �	� ��y we have

V �fn���z�� � �	� ���
 ���� 
 �v�� � V �fn���x�� �	��

Example �� For � � ��� we have �� � ��� and v� � �� Therefore the well known
result V �fn���z�� � ���V �fn���x�� is obtained�

Example �� For � uniformly distributed in ��� 	� we have �� � ��� and v� � 	
	��
Therefore V �fn���z�� �

�
�V �fn���x��� The variance is severely reduced�

Example �� Extended line recombination with � uniformlydistributed in ��d� 	

d� and d � �
� gives V �fn���z�� � V �fn���x���

Example 
� For � derived from the bimodal fuzzy distribution de�ned in ���
we have �� � ��� and v� � �
��� Therefore V �fn���z�� �

��
��V �fn���x���

Example �� For � uniformly distributed in ������� ����� and ������� 	���� �two
plateau distribution� we have �� � ��� and v� � 	�
��� This gives V �fn���z�� �



�	
�
V �fn���x���

Both in example 	 and example � we have a reduction of the variance� This
can lead to premature convergence� The following table shows some numerical
results� The initial points were uniformly placed in the cube ��� 	�n� For the initial
population we have E��fn��� � n
� and V��fn��� � n
	��

D��� D�	� D���
t �f � CV �f � CV �f � CV

� ����� ����
 ���� ����� ����� ���� ����� ����� ����
� ����� ����� ��	� ����� 	���� ���	 ����� 	��
� ����
	 ���	� ��
�� ���� ���
� ��	�	 ��	� ���

 ����	 ����
� ����� ����� ���� ���
	 ����� ���� ����� ����� ���

� ���	� ����� ���
 ���	� ����� ���� ��	�� ����� ����
� ����� ��	�� ���� ��	
� ����� ���	 ����� ���
� ����
� ���

 ����� ���� ��	�� ��	
� ���� ����� ���
� ����
� ����
 ����� ���� ��	�� ����� ���
 ����� ��	�� ����

Table �� Three line recombination methods �k � ��n � 	�� � ����

In Table 	 the results for three distributions of � are shown� �D	� � � ���

�D�� � uniform in ��� 	�
 and �D�� � uniform in ������� ������ ������ 	����� The
predicted CV from UDBGA is CV��� � ����� This value is fairly accurately re�
produced by extended line recombination �D��� The other two line recombination
methods ��D	�
�D��� reduce the variance too much
 leading to premature con�
vergence� For higher dimensions this problem gets also important for extended
line recombination �D���

D��� D���

t �f � CV �f � CV
� 	��� ������ ��	
 ������ ���	�� ����
� ��
� ������ ��	� ������ ������ ����
	 ���� ������ ���
 �����
 ������ ����
� ���
 �����	 ���� ������ ������ ����
� ���� ������ ���� �����
 ���	�	 ���	
� ���� �����	 ���� ������ ����
� ����

Table �� Two results for �D�� �k � �� n � ��� � ��	�� k � 	�n � 	�� � ����

Table � gives some results for two other examples� In the �rst example the
predicted CV from UDBGA is CV � ����� Here CV � ���� is achieved for only



three generations
 then it gets much smaller leading to premature convergence
of the algorithm� The reason is the severe selection� A much larger popula�
tion is needed to circumvent premature convergence� The second example shows
that the UDBGA approximation can also be used for k � �� The coe�cient of
variation for UDBGA is CV �

p
	
� � ����� This value is fairly accurately

reproduced by extended line recombination�

We have done more simulations
 all of which con�rm our theoretical results�
For large values of k the di�erence between UDBGA and line recombination
based on �D�� gets larger� This shows that extended line recombination does
not create uniformly distributed points in higher dimensions�

� The univariate marginal distribution BGA

The uniform distribution does not take the �tness distribution into account� The
search strategy of this algorithm is fairly conservative
 i�e it does not exploit areas
of good �tness values� In this section we will analyze a distribution which uses
the �tness distribution� This distribution generates more points in areas where
good �tness values are expected� The simplest way is to generate the new points
according to the univariate marginal distributions of the selected points� The
analysis of this algorithm is more di�cult� We restrict the analysis to k � 	
and k � �� The Univariate Marginal Distribution Breeder Genetic Algorithm
�UMDBGA� is similar to the UDBGA
 only the new points are generated from
a di�erent distribution�

UMDBGA

� STEP�� Set t � �� Generate N � � points randomly within the unit cube
Cn����

� STEP�� Select the best 	�� � �� points �� � � � 	
 truncation selection��

� STEP�� Generate N new points x according to p�x� �
Qn

i�� 	�xi���� Here
	�xi��� denotes the univariate marginal distribution of variable xi�� in the
domain of selected points�

� STEP�� If not terminated
 go to STEP	

For the given �tness function
 the domain de�ned by selection is Sn�k���t�
as before
 but UMDBGA will generate new points non uniformly within a cube
Cn���t� with side length dn���t�� Selection gives domain Sn�k���t 
 	�� Unfortu�
nately
 the determination of the marginal distributions within this domain turns
out to be di�cult
 because the points are not uniformly distributed in the cube
Cn���t�� We will use an approximation by assuming that we have a uniform
distribution within the cube� For k � 	 we will use the density

	n���t�xi��� �
n

dnn���t�
�dn���t� � xi���

n��
� �	��



Theorem�� The expected average �tness of a population evolving according to
UMDBGA with the marginal distribution 	 and �tness function fn��is given by

Et�fn��� �
n

n
 	
dn���t�� �	��

The variance is given by

Vt�fn��� �
n�

�n
 	���n
 ��
d�n���t�� �	��

Proof� Let d � dn���t�� We have

Et�fn��� � n �Et�f���� � n

Z d

�

n

dn
�d� ��n���d� �

n�dn��

n�n
 	�dn

Similarly the variance is obtained from

Vt�fn��� � n

Z d

�
	n���t����

�d� �E�
t �fn���� �

Corollary� For UMDBGA with marginal distribution �	�� the coe�cient of
variation is

CVn�� �

r
	

n
 �
����

The computation of the side length dn�� seems to be di�cult for the general
case� We just give the solution for n � � and � � ����
Lemma � For dimension n � � and � � ��� the side length of the domain
C����	�t� is given by

d����	�t
 	� � ����� � d����	�t� d����	�	� � 	 ��	�

Proof� Let d����t� � d�t�� With truncation selection parameter � the side length
d�t
 	� is obtained fromZ d�t���

�

Z d�t���

�

�

d�t��
�d�t�� x��

�

d�t��
�d�t� � x��dx�dx� � �

This leads to the equation

�
 � ��� 
 	��� � �� � � � �
d�t
 	�

d�t�

For � � ��� the result is obtained� �

Univariate marginal distributions are approximated by volume oriented sex�
ual recombination schemes as used in genetic algorithms� In this case the recom�
bination schemes discussed in the previous section are applied independently for
each variable� We will show numerical results only for discrete recombination ����



t �f � CV �f Theory � Theory

� ����� ����� ���� ����� �����
� ����	 ��	�
 ���� ����� �����
	 ����� ����� ���� ���	
 ��	��
� ��	�� ���	
 ���� ��	�� ����

� ����� ����
 ���� ����� ���


� ����� ����� ���� ����� �����
� ����� ���	� ���
 ����� �����

Table �� Discrete recombination �n � 	� k � �� � � ����

In table � simulation results are displayed for n � � and � � ���� In this
case UMDBGA has CV��� � ���� Discrete recombination has a coe�cient of
variation
 which is about 	�� less� Note that the average �tness of the genetic
recombination BGA and UMDBGA are very similar for the �rst generations�
Then discrete recombination will of course lead to premature convergence�

UMDBGA can be also analyzed for other values of k� But the mathematical
di�culties are tremendous� We just outline the case k � �� The selected domain
is now part of a hyper sphere� If the points would be uniformly distributed then
the marginal distribution would be

	n���t�xi��� � c
�q

d�n���t� � x�i��

�n��
����

c can be computed from the volume of the �n�	��dimensional hyper�sphere�
As for k � 	
 we make the assumption that the marginal distribution is given
by equation ����� The proof of the following theorem is based on sophisticated
integration of n�dimensional integrals and has to be omitted�

Theorem
� The expected average �tness of a population evolving according to
UMDBGA with marginal distribution ���	 is given for odd n � � and k � � by

Et�fn��� �
n

n
 �
d�n�t� ����

The variance is given by

Vt�fn��� �
�n�n
 	�

�n 
 ����n
 ��
d
n�t� ����

Corollary� Under the assumptions of the above theorem the coe�cient of vari�
ation of UMDBGA is given by

CVn�� �

s
��n
 	�

n�n
 ��
����

Note that for large n we have CVn�� �
p
�
n� This value was already em�

pirically determined for gene pool recombination with fuzzy recombination ������



This shows that a UMDBGA accurately describes the behavior of a BGA with
volume oriented genetic recombination�

� Conclusion and outlook

We have shown that the performance of genetic algorithms is mainly governed by
distributions� In this paper we have investigated algorithms based on two simple
distributions� UDBGA using a uniform distribution is explorative
 UMDBGA
using marginal distributions is more exploitative� But using univariate marginal
distributions is only the �rst step� For more complex �tness functions
 like general
quadratic forms
 covariances and principal component analysis has to be used
����

In order to predict the performance of classical genetic algorithms with sex�
ual recombination
 the distributions have to be estimated which are generated
by recombination� We have shown that extended line recombination approxi�
mately generates uniformly distributed points� and volume oriented recombina�
tion methods approximate univariate marginal distributions� Now the questions
arise� Why not directly using distributions instead of sexual recombination�Why
not using multivariate distributions for �tness functions where the variables are
correlated�
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